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ON THE ASYMPTOTIC STABILITY AND INSTABILITY OF THE ZERO SOLUTION OF A
NON-AUTONOMOUS SYSTEM WITH RESPECT TO PART OF THE VARIABLES™

A.S. ANDREYEV

A non-autoncmous set of differential equations is considered which allows
of the existence of a set of differential equations limiting it. Theorems
of the asymptotic stability and instability of the zero solution of such
systems with respect to part of the variables are proved in the presence
of Liapunov function with derivatives of constant sign. Sufficient
conditions are obtained for the partial asymptotic stability of non-
autonomous holonomic mechanical system subjected to the action of
dissipative forces with total or partial dissipation. The problem of the
asymptotic stability of the equilibrium of a heavy solid with a fixed
point in a homogeneous gravitational field of variable intensity, and of
stabilizing the axis of symmetry of a symmetric satellite perpendicular to
the orbital plane of the latter, whose centre of mass remains at the
libration points of the limited circular three-body problem, are considered
as examples.

1. consider the set of differential equations

z =X (@t 2 (X1 0)=0 {1.1)
T = {Ty, Loy o« o Zn) = (U3 Y21« + «» Yms 210 B30+ + -5 3p)
(m>0,p>0,n=m+p)
The vector function X (f, z) is defined in the region R™ X T'(R* = [0, + oo [, where =
{lyll <H>O0, llzll << 4+ o0} and [l yjl is some norm R™|lz|l — 8 R",||z|l =]y}l 41l z|l ), that satisfies

in that region the conditions of z-continuability /1/ and conditions (A4) from /2/. The latter
ensures the existence and uniqueness of solutions of (1.l), the existence of functions ¢ (t, 2)
limiting X (¢, z), the reciprocal continuity of the solution of the input system (l1.l), and of
solutions of the limiting systems

z = ¢t ) (1.2)
We shall also assume that the non-negative scalar function W (t, z) (W (¢, 0) = 0) used below
satisfies conditions (A). The limiting function for W (¢, z) is denoted by o (¢, z) /3/.

We shall call (¢, w) the limiting pair, if ¢ (f,z) and o {{,z) are limits for X (i, z) and
W (t, z) of one and the same sequence {, — -4 oo.

2. For each limiting pair (¢, ©) we denote the set formed by the non-continuable solutions
of system 2° = ¢ (t,2) that lies in the whole of its range of definition on the set {w (f,z) =

0t R, z2=T}) by M ((¢, ©), and by M* ({(9, ®)})) the union M* (¢, 0) over all (¢, ®).

Theorem 2.1. Let us assume that: 1) the solution of (1.l) in some neighbourhood T of
the point z = 0 isboundedby 3z, 2) a y-positive definite function V (t,z), V({t, )=V, (lyl)
exists whose derivative by virtue of (1.1) is V' (t,2) < ~W (f,2) <0, and 3) for any limit-
ing pair {p, ©) the set M* (g, ) C {z:y = 0). The zero solution of (1.1) is then asymptotically
y~stable.

Proof. Condition (2) implies that the zero solution of (1.1) is asymptotically stable
/4/. Let z =z (f, tp, 7o) be a solution of (1.1) from the neighbourhood T (to) of point =0
so that sup (V (t,2) for 2T () T,) < V, (H,), when H,<<H. By conditions (1) and (2) of
the theorem, it is bounded for all > t,. By Theorem 2.2. of /3/ the set of limiting points
of the solution Q*(x(f,t,.2,) is contained in M,*({(y,®)}). But by condition (3) of the theorem

M, ({(g, )) T {z:y =0} Hence Q* (x(t, 2, 7)) C{z:y =0} and lim y (t, 25, 20) =0 as t— -+ oo.

Definition. Let us define form some sequence ¢, > — o and any ¢>0 and ?>0 the
limiting set N (t,¢), as the set of points z& I', for which the sequence ,— z exists so that
lim V{¢, +t,z,) =¢ as t,—~ - o and z,— 2.
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Theorem 2.2. Let us assume that: 1) the solutions of (l.l) in some neighbourhood of
z =0 are bounded by z, 2) the y-positive definite function V (¢, z) whose derivative by
virtue of (1.1) is V' (¢, 1)< ~W (t, ) € 0, and 3) for some sequence ¢, — -~ o the limiting
pair (@o, ®o) and the set N (4, ¢) are such that for any ¢, > 0 the set N (t.¢o) ) {wo (¢ z) = 0}
does not contain solutions of system 2° = @, (¢, z). The zero solution of (l.l) is asymptotically
y~stable, uniformly with respect to z,.

Theorem 2.3. Let us assume that: 1) the solutions of (1.l) from some neighbourhood of
z =0 are bounded by z, 2) a function V (f, ) exists that, in any arbitrarily small neighbour-
hood of z =0, takes positive values, is bounded in the region V (t,z) > 0. and whose deriva-
tive by virtue of (l1.1) is V' (¢, 2)K{~W (t,2) <0, and 3) for some sequence {,—~ + o0 the
limiting pair (@q, ®,) and the limiting set N (¢,¢) are such that for any ¢ >0 the set N (¢,

¢o) N {wy (¢, x) = 0} does not contain solutions of the system z' = ¢, (f, z). The zero sclution
of (1.1) is then y-unstable.

The proof of Theorems 2.2. and 2.3 is a modification of the proof of Theorems 3.1 and
3.2 in /5/. Thus, when proving Theorem 2.2 we have shown that along any bounded solution
z =1z, 1, o) of (1.1}, the function V (t,z(t, ty, 2,)) | 0, which according to /6/ implies the

asymptotic y-stability, uniform with respect to iz,
Suppose that the function V (t,z) satisfies the Lipschitz condition with respect to t and
z on every compact K =[t3, ¢, +T1 X T, ((,, 0,7 > 0,T, C I). Then a function p (¢, z) exists which

is limiting for V (t, x) in the sense of uniform convergence on each compact K as f,— -+ o /3/.
We shall call (¢, p, ®) the limiting set, if simultaneously X (t, +¢,2)—~ ¢ (¢, 2), V (t, —t. ) —
pt,z), W, +t 2)—> @ (t,z) for some sequence t,— -+ .

Theorem 2.4. Let us assume that: 1) the solutions of (l1.1) from some neighbourhood T,
of the point z=0 are uniformly bound by z, 2) a y-positive definite function V (¢, z) exists
that satisfies the Lipschitz condition with respect to t and z (and consequently, admits of
an infinitely small higher limit), V (Jyll) <<V (¢, 2) < V. (il zll), whose derivative by virtue of

(L.1) is V' (t,2) < —W (¢, 2) <0, and 3) for any limiting set (g,p, ) the set {p(t, z)=c>

0} N {o (¢, 2) = 0} Goes not contain solutions of system z' = ¢ (t, z). The zero solution of (1.1)
is then asymptotically y-stable.

Proof. The theorem implies the uniform y-stability of the zero solution of (1.1) and,
also, that solutions of (1.1) from Ty =V, (V,(H))C T, (H, < H) are bounded. By Theorem

2.2 we obtain that along each solution of (1.1l) from Iy the function V ({ z (f, ¢, 2,) | 0. The

theorem will be proved, if we can show that V (¢, z (¢, ¢y, xy)) = 0 uniformly with respect to
to == R* and z,&=T,.

For this we first derive the following result. Let (g, 0, ®¢) be an arbitrary limiting
set. Then along every solution z =1 (t, ¢y, zo), 2, = [, of the system z = ¢, ({, ) the functiocn

po (6, (¢, to, xp)) | O-
Repeating the reasoning of Theorem 3.3 of /3/, we obtain

t
Po (& W (ts Loy Zo)) ~ 0o (tor To) << —Smo (T) B (T Loy Za)) dT <0
v

From this it follows that the solution of system =z = ¢, (t.z) is y-stable, and its solu-
tions from I'; are bounded.

The system that is limiting for z°" = @, (f,z) is also limiting for (1.l), as are functions
limiting for p,(f, z), and w,{t, «) are limiting for V (¢,z) and W (¢, x). Hence from condition
(3) we have that, if {(¢’,p’, ®’) is the limiting set for (@, py, ®y), the set {p' 6, 2) = ¢y >
0} N {v’ (t, z) =0} does not contain solutions of system z = ¢ (t,2). From this and Theorem

2.2. it follows that po (¢, P (2, te, 7o) | O.
Let us now assume the contrary: V (¢, z(t, t,, 29)) =0 as t— -+ o0 non-uniformly with
respect to t, = R* and z,= T, i.e. an g, >0 exists such that for the sequence T, -~

a sequence (ly, Zn), tn o> 0, 2, &= Iy can be found for which V (t, + Tyn, z{t, = T, ks, 2a)) 7 &. Then,
evidently, for t¢,¢, <t, - T, we have
Vit (2t tn, Za)) = & (2.1}

Using the compactness of I, we select the subsequence {z;} so that =z — z* & I'y. The
sequence {l,} cannot be bounded, since that would contradict the property V (L. x (L, o, ) 1 U

of continuity of the solutions of (l1.1) from the initial conditions and the continuity of

V(, z). ‘
Let ({p — -+ oo. We select {t,} C {ty} so as to have X (t; =6, )~y it,2), V(I -1 2)—
po (¢, 2), W (t; +t, £)—=w,o (¢, 2). The sequence x;(t) = z (t; + ¢, t;, 2;) of the solution of (1.1
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convergest uniformly in (e [0, 71 (T >> 0) to the solution z=1y(t, 0, z*) of system " =qp(l, 2).
By virtue of (2.1) V(t; +-t, 2;()) >> e, when te [0, T;l. Passing to the limit as ?¢;— 4 oo, we
obtain that p (t,P (£, 0, %)) > e, >0 for all t¢+ 0. But this contradicts the property p (I, (I,
0, 2,*)) | 0 obtained above. Thus V (¢, 2 (t, ly, x,)) >0 uniformly with respect to ({y, x,), which

proves the theorem.

Theorem 2.5. Suppose that: 1) there exists a y-positive definite function Vi, 2), Vi,
z) >V, (lyll) whose derivative by virtue of (1.1) is V ({,z) =W (¢, )0, 2) V{(, 2) is

such that N >>0 exists for any 8 >0 and any sequence {z,} such that |y, ll>8 as

| 2p}l = + 00, and limV (¢t,z,) > N uniformly with respect to t, and 3) for any limiting pair
(p, ®) the set M* ((g, 0)) T {z:y = 0}. The zero solution of (1l.1l) is then asymptotically y-
stable.

Proof. Let x = x (i, t,, Zo)), where z,°=T (t,) (I (t):sup (V.(t,2) when z =T (t)) <inf (N, V, (H,)),
H, < H), be the solution of (1.1). Then V (I, £ (I, te, 2o)) < Vo = V(o 2o)) < N. If we assume
the existence or a sequence {,— -+ oo for which |[[z (t,, ¢y, Zo) || = + 00 and ||y (L, te, zo) Il = 60 >
0, the inequality V (t,, Z (Iy, Lo, Zo)) <X Vo << N contradicts condition (2) of the theorem. If,
however, |z (t,, t,, z,)|] is bounded, the set of limiting points QY (z (¢, ¢y, 2,)) is non-empty.
By virtue of condition (3), on the basis of Theorem 2.1 of /3/ we have Q' (z (¢, 1y, o)) C {zx:y =
0). Hence, even when ||z (f,, 4, Zy)|l is bounded, we have limy (¢,, 1, 2,) =0 as ¢,— + oo.

The following theorem can be proved similarly.

Theorem 2.6. Let us assume that: 1) the function V (I, x) exists and, in an arbitrarily
small neighbourhood of & =0, takes positive values, and is bounded in the region V (¢, x) "= 0,
with a derivative which by virtue of (1.1) is V' (t.x) > W ({, z) > 0 and such that uniformly on

t—limV (t,z) <0 as |{z]|+ 4 o0, and (2) a sequence ¢, 4 oo exists for which the limit-
ing set N ({,¢) and the limiting pair (¢, 0,) are such that for any ¢, >0 the set N (1,
co) M {wo (¢, ) == 0} does not contain solutions of the system &' = ¢ (f{, ). The zero solution

of (1.1) is then y-unstable.

The theorems considered above generalize and develop the theorems on asymptotic stability
and instability with respect to part of the variables with the Lyapunov function having a
derivative of constant sign /5—9/.

3. Consider a mechanical system with time dependent constraints, defined by the Lagrangian
eguations

d oL oL
) — =0 3.4
g =1(q19s -+ q)T, L =L, +-L; + L

Ly=1Y,(VA(t, 9)¢, L,=BT(q)q, Ly=L,(t0q)
gl =g + ¢ + ... + g

where Q (1. ¢, ¢') is the resultant of generalized gyroscopic and dissipative forces, and @7:¢'<
0;8L/3g=0,Q=0 when ¢ =g¢ =0 so that the system has a zero position of equilibrium
7 =¢=0.

Let us assume that Ly (¢, 0)= 0, dL/dt > 0, so that for the derivative of the function L, —

L, we have (Ly — Loy = —aL/ot + QT-¢’ < QT ¢

We shall also assume that the quantitites A (L g). 04/0t, 6A/dq, dB/dg, OLs/dq, Q are bounded and
satisfy the Lipschitz conditions by all of their variables. The limiting equations for (3.1)
then exist and have the form /3/

A+ @) TCua} + (DT} + Fe = @y (3.2)
Futtb)= lim 22t 41 '
t >t q
For convenience we denote by f,(f) a function such that §; (£) >0, Bi1(8) B¢ >0 when ¢
o tn +v1 (¥ >0, 4, + 00, t,y —t, < p =const, by By (2) a function such that B, (t) = 0,

B. (1) 2> Po >0 when t=lt,, t, +v] (when (v>0,t, > 4 o condition l,., —t, < p is not satis-
fied).

Theorem 3.l. Assume that: 1) the function T = —L,(t,q) is positive definite relative
to @1, Gz o . .y gm (m << 1), 2) the motions (3.1) from some neighbourhood of ¢ = ¢ = 0 are bounded
bY  gmi1- - - .2 @n, 3) there are no equilibrium positions outside the set h=¢=...=¢q,=0},

and this property is non-degnerate, i.e. for any ¢>0 a 8 =8 (e) > 0 exists such that
ll0L,0qll>> & when q® +4,> 4+ ... 4+g,2>¢e, and 4) the dissipative forces are such that

0T-¢ <—«(lg'lD. The zero equilibrium Position (3.1) is asymptotically stable with respect
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Theorem 3.2. Assum that: 1) the function V = —L,({t,q) is positive definite with respect
tO Gy, oy - . -, Gm (M << n), 2) motions in some neighbourhcod of ¢ =¢ =0 are uniformly bounded
DY @mets - - -y Gu» 3) there are no equilibrium positions (3.1) on the set L, (f, ¢) <<0 and this

property is non-degenerate, i.e. for any £ >0 an 8 = & (e) > 0 exists such that || dLy/dgll > 8

when L, (t,q) < —e, and 4) the dissipative forces are such that QT.¢ <{ —B, ®) e (¢ |}). The
zero equilibrium position is then uniformly asymptotically stable with respect to g, ¢y, ¢ - - -»
I

If QTg < —B () (llqg 1), then ¢ = ¢ =0 is uniformly stable with respect to (go go) and
asymptotically stable with respect to ¢, ¢, ¢ .. - qm-

The proof of Theorems 3.1 and 3.2 follows from Theorems 2.1, 2.2, and 2.4. Theorem 2.5
enables us to substitute conditions relative to L, (t.¢) for the condition of boundedness of the
solutions in Theorem 3.1.

Theorem 3.3. If under conditions (1)~(3) of Theorem 3.1 the conditions (2') is also
satisfied for any § >0 lim (—Ly (¢, ¢) =N >0 when ¢% 4+4¢?+ ... +gu? >8>0 and Qrmsy =+

43n+2 4+ ... 4¢*> 4+ o0 uniformly relative to t, then the zero solution of (3.1) is gtable with
respect to ¢’ and asymptotically stable with respect to ¢, ¢s; ..., gm. If the right sides of
(3.1), solved for ¢, are bounded, then ¢ = ¢ =0 is asymptotically stable with respect to
¢. It was assumed in the preceding theorems that the quadratic part of the Lagrangian
function L,is positive definite for all velocities, as is usually the case. Sometimes, however,
the properties of the motions of mechanical systems may be conveniently investigated in a
system of coordinates in which L, degenerates, becoming positive definite not for all coord-
inate values with respect to all velocities /10/. The question of stability in such cases was
considered in detail in /11/.
Let us assume that L, (f, ¢, ¢) is positive definite with respect to ', q.',....q (kK <<n)

when ¢, =¢,=...=qm =0, and positive definite relative to all velocities when ¢? + ¢, -+

++Gm® >8>0, Then L,(t, g, ¢)—> + o0 when g2 +¢? +...+gu®>8, and  (Gia)? + (gia)® +

.. +(g)* > + o0 uniformly with respect to t. Hence on the basis of Theorem 2.5 we have the
following theorem.

Theorem 3.4. In the case considered here under conditions (1) ~(4) of Theorem 3.1 the
zero equilibrium position (3.1) is stable with respect to ¢, ¢,',...,q, and asymptotically
stable with respect to ¢;,¢:, .. s Om:

Remark 3.1. Theorems 3.l1-3.4may be suitably extended to systems with partial dissocia-
tion. For instance, Theorems 3.1, 3.3, and 3.4) hold, if instead of conditions 3) and 4) we

have conditions 3') QF¢' < — @ (&P + @iy +- -+ @)W 1 <i<j<n), and 4') the motions of
the limiting systems (3.2) along which ¢/ =g¢;;=¢;,=...3=¢;/ =0 are contained in the set
=g =...=qm=0}

Example 3.1. The problem of partial asymptotic stability of the zero equilibrium position
of a heavy material point moving on the surface :z= (14 2% y* was considered in /12, 7, 9/.
Supplementing the data of these papers by using Theorem 3.3 and Remark 3.1 we can conclude
that the equilibrium position z =y =z=y=0 is stable with respect to .y’ and y, and
asymptotically stable with respect to y'and y under the action of forces Q. and Q,such that
Qa4+ Qu < — By )

Example 3.2. Consider a solid with a single fixed point. The centre of mass of the body
lies on one of the principal axes of inertia, the z axis, in a uniform gravitational field of
variable intensity g =g () > g, >0, and subjected to the moment of the force of resistance

M= —k (t)(n"‘u;., of the medium (o is the angular velocity of the solid and e, is the corresponding
unit vector). The position of the solid in the inertial system of coordinates is defined by
Euler's angles 0, ¢,y. The Lagrangian function
L=Ly+ Ly, 2L, = 4 0% 4+ Boy? + Cw,* =
A (% sin 8 sin ¢ + 8°cos ) +
B (y’'sin 6 cos ¢ — 0" sin ¢)2 — € (¢ -  cos 6)*
Ly= — mg(t) (1 -+ sin B sin ¢)

where A4,B,C are the principal central moments of inertia, m is the mass, and z,>0 is the
coordinate of the centre of mass of the solid. The solid is in the equilibrium position when
the z axis is directed vertically downward

= =¥ =0 6=—, w:-—;. b= (3.4
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It follows from Theorem 3.2 that under conditions g (<0, k()= B, (t)i.e. k() a function of
the type B, (1)) is asymptotically stable with respect to 6, ¢,%, 8, ¢. In the more general case
we take V = Ly/g (t) + mze(1 +8in 0 sin ) as the Lyapunov function. For small o, w,, ®, its deriva-
tive is

Ve (— 2 (8 g (1) 0% — g7 (1) (40, + Bay? + Co,%)/28% (1) <
- B (8 0**

if the conditions

le@MISM, k@) =B 0<ea<t
%k gM+eg (WA, B 2B ®M@=1)
are satisfied.
Under these conditions, using Theorem 2.4 we obtain that the equilibrium position is
uniformly asymptotically stable with respect to 0,¢,v%,6, 9.

Example 3.3. Consider the motion of a dynamically symmetric satellite whose centre of
mass remains at one of the libration points of the restricted circular three-body problem /13/.
As in /13 we denote by Opzyz the system of coordinates rotating with angular velocity £ about
the : axis. The r axis passes through the attracting centres of M;and M, of mass m; and m,.
Point Oy coincides with the centre of mass m, and my,and z, and z, are coordinates of M, and M,;
2,9,2=0 are the coordinates of the centre of mass of the satellite pj= fm;,r?= (z— z;)? + y* (i =
1, 2) and A4 =B are its principal central moments of inertia, and 0,¢,¢% are Euler's angles,
introduced in the usual way.

Ignoring the cyclic coordinate, we determine the Routh function

R=Ry+ R — W

2R = A (02 + P2 sin¥0) + 2AQP* sin? 6 +
2y €08 0 + AQ28in? 6 - 2¢Q cos 0 —

2
3(C— A)sin?8 3 p, ((z — z,)sin b — y cos H)r,?)
=

Since &W/é0 = oWw/opy =0 when 6=10, the motions of the satellite are steady /13/
0°=6=20, ¢ = const (3.5)
where the axis of symmetry of the satellite is perpendicular to the orbital plane.
The function R, is positive definite only with respect to 6, but R, — 4o when |[sinf|>

§>0 and [|¢' |- +oo. The function W — W, is positive definite only with respect to 8 only
in the case of a point of rectilinear libration, if

R — AR>S0 (C>4) (3.6)
eQ —AQ £ 3 (C — A) (p/r® + pa/rs®) >0 (C < 4)

and in the case of a point of triangular libration, if

e — AQ® + (C — A) ¥ (2u; + 2uy 4+ )/t >0 (C < A) 3.7
R — |AQE — (C — A) 2 (2u; + 2py — d) /12| >0 (C > A)
(@ = ((1 + B2t + 3 (g — p)®"?)

The equations of motion indicate that under conditions (3.6) and (3.7) there are no
motions in the region {0<8 < n} along which 6= const or v = const.

Using Theorem 3.4 and Remarks 3.1, we come to the following conclusion. If the satellite
is subjected to dissipative forces whose moments are such that

Qp=0, QB +Qu¥ < —Pr (18I (< — By (#) sin? 0 (¥)%)

the set of steady motions (3.5) is asymptotically stable with respect to 6 relative to the
perturbed motions of the satellite with initial conditions satisfying (3.6) or (3.7).

REFERENCES

1. OZIRANER A.S. and RUMYANTSEV V.V., The method of Lyapunov functions in the problem of the
stability of motion relative to part of the variables. PMM, Vol.36, No.2, 1972,

2. ARSTEIN 2., Topological dynamics of an ordinary differential equation. J. Different. Equat.
Vvol.23, No.2, 1977.

3. ANDREYEVA.S5., On the asymptotic stability and instability of the zero solution of a non-
autonomous system. PMM, Vol.48, No.2, 1984.

4. RUMYANTSEV V.V., On the stability of motion relative to part of the variables. Vestn. MGU.
Ser. Matem. Mekhan., Astron., Fiz., Khim., No.4, 1957.

5. ANDREYEVA.S., On the asymptotic stability and instability of non-autonomous systems. PMM,
Vol.43, No.5, 1979.



514

6. OZIRANER A.S., On the asymptotic stability and instability of motion relative to part of
the variables. PMM, Vol.37, No.4, 1973.

7. RUMYANTSEV V.V., On the asymptotic stability and instability of motion relative to part of
the variables. PMM, Vol.35, No.l, 1971.

8. ANDREYEV A.S., On the asymptotic stability and instability relative to part of the variables.
Dokl. AN UzbSSR, No.5, 1982.

9. HATVANI L., On the partial asymptotic stability by Lyapunov function with semidefinite
derivative. MTA, Szamitaztechn. &s automatiz. kut. intdz k&zl., No.26, 1982.

10. ROUCHE N. and PEIFFER K., Le theorem de Lagrange-Dirichlet et la deuxieme méthode de
Liapunoff. Ann. Soc. Sci., Bruxelles, ser. 1, Vol.8l, No.l, 1967.

11. RUMYANTSEV V.V., Some problems of the stability of motion relative to part of the variables.
In: Mechanics of a Continuous Medium and Kindred Problems of Analysis. Moscow, Nauka,
1972.

12. PEIFFER K and ROUCHE N., Lyapunov's second method applied to partial stability. J. Mec.,
vVol.8, No.2, 1968.

13. RUMYANTSEV V.V., On the control of orientation and stabilization of a satellite by rotors
at points of libration. Publ. Inst. Mat., Nov. Sect., Vol.1l7, 1974.

Translated by J.J.D.

PMM U.S.S.R.,Vol.48,No.5,pp.514~522,1984 0021~-8928/84 $10.00+0.00
Printed in Great Britain © 1985 Pergamon Press Ltd.

THE USE OF LYAPUNQOV’S SECOND METHOD TO ESTIMATE REGIONS OF
STABILITY AND ATTRACTION"

V.G VERETENNIKOV and V.V. ZAITSEV

A definition of the stability region is given by extending the properties
of Lyapunov's definition of sets of sizable measure. Constructive theorems
on estimates of regions of stability and attraction are obtained by using
certain developments of Lyapunov's second method for a wide class of auto-
nomous and non-autonomous systems that satisfy both the Lipschitz and
discontinuous conditions. The usual requirements imposed on the functions
used in investigations of the stability region are somewhat reduced. For
example, the requirement that the functions and their derivatives should
have fixed sign are omitted.

1. Consider the equations of perturbed motion of the form
=]z, t), v R (1.1) — (1.4

By system (l1.l) we mean an autonomous system, whose right side is f (z), whose vector function
f(x) 1is such that the solution of the Cauchy problem in the region considered exists, is
unique, and is continuous with respect to the initial conditions, excluding any arbitrarily
small neighbourhood of singular points. For system (1.2) f =f(z) e C (R") and by Peano's
theorem the integral curves can be continued to the boundary of any compact set, possibly in
a non-unique way. In system (1.3) the single-valued vector function f = f (x) is piecewise
continuous. Among systems (1.3) with discontinuous single-valued right sides only those are
considered for which each integral curve may be uniquely continued in the neighbourhood of any
surface of discontinuity, and the number of such surfaces is finite. The vector function
f=/f(x,t) in system (1.4) is such that the solutions retain the properties of the solutions
of system (l.1) mentioned above.

The basic concepts and notation correspond to those used in /1/. 1In addition we shall
introduce the upper right Dini derivative /2, 3/ denoted by D'V; the connected subset F of
the semiaxis [ty o0) such that # = [t,, T1\/ [t 00) (T = const) (wher. investigating the properties

of attraction F = lt,, 00)), FqV = {z | V (x) = d}; Hin = {zlz =y (t, Lo, Tg) A\ To = Hv‘«‘m =H, ={ziV (-

cp}}. o = const, and the integral curve y (¢, tg, o) Of the system considered under initial con-

ditions zy, t,. ' '
Let us assume that for the Lyapunov function V =C' the following conditions are satis-

fied:
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